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Abstract 

We investigate whether the equality found for the response of static scalar 
sources interacting (i) with Hawking radiation in Schwarzschild spacetime 
and (ii) with the Fulling-Davies-Unruh thermal bath in the Rindler wedge 
is maintained in the case of electric charges. We find a finite result in the 
Schwarzschild case, which is computed exactly, in contrast with the divergent 
result associated with the infrared catastrophe in the Rindler case, i.e., in 
the case of uniformly accelerated charges in Minkowski spacetime. Thus, the 
equality found for scalar sources does not hold for electric charges. 

04.70.Dy, 04.62,+v 
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It is well known that the equivalence principle played a crucial role in the development of 
General Relativity. It continues to be tested with great success |]. Recently many authors 
have asked the question whether or not a quantum version of the equivalence principle could 
be formulated (see, e.g., Ref. 0). The main problem in accomplishing this task stems from 
the fact that states in quantum mechanics are defined globally while the equivalence principle 
involves only local quantities. Hence, only those phenomena which are characterized by 
frequencies much higher than the spacetime curvature are expected to show some equivalence 
for flat and curved spacetimes. (For example, Hawking radiation can be derived by requiring 
that physics near the black hole horizon be the same as that in Minkowski spacetime in the 
infinite frequency limit.) Thus, there is no a priori reason to expect any equivalence for 
low-frequency quantum phenomena in flat and curved spacetimes. Very recently, however, 
an interesting equality was found for the response of scalar sources [|[] . Namely, the response 
rate of a static point source q in Schwarzschild spacetime (with the Unruh vacuum) is equal 
to the response rate of the same static source in Rindler spacetime (with the Minkowski 
vacuum), which is 

R s - q2a m 

R -4^' (1) 

provided that both sources have the same proper acceleration a. (We recall that a static 
source in Rindler spacetime is nothing but a uniformly accelerated source in Minkowski 
spacetime.) The response of structureless static sources is entirely due to the emission and 
absorption of "zero-frequency particles." Thus, this equality clearly involves low frequencies. 

The choice of the quantum vacuum is crucial for this equality [|J . For instance, it would 
not be valid if we replaced the Unruh vacuum by the Hartle-Hawking vacuum. However, 
since the Unruh vacuum is more physical in the sense that it corresponds to the quantum 
state for a black hole formed by gravitational collapse, this equality might be pointing to 
some underlying equivalence principle. Thus, it is interesting to see whether or not this 
equality holds for other fields. 

In this Letter we investigate the response of a static electric charge in Schwarzschild 
spacetime interacting with photons of Hawking radiation (with the Unruh vacuum). We find 
that the response rate is finite. This immediately implies that there is no equality analogous 
to that found in the scalar case because the corresponding rate in Rindler spacetime is 
infrared divergent. Hence, there seems to be no deep physical principle behind the result 
for the scalar case. We present the exact response rate for the electric charge instead of 
merely showing that it is infrared finite since it is a physically meaningful quantity which 
one could measure in principle. We first proceed to the quantization of the Maxwell field in 
the exterior region of Schwarzschild spacetime in some detail. Then we present the response 

rate and discuss it. We use natural units c = h = G = kB = l and signature (H ) 

throughout this Letter. 

The line element for the exterior region of Schwarzschild spacetime (r > 2M) is given by 



ds 2 = fdt 2 -r 1 dr 2 -r 2 de 2 



r 2 sin 2 6d<p 2 , 



where f(r) = 1 — 2M/r. We will be interested in a static charge with the current density of 
the form = (j*(r, 9, 0), 0, 0, 0). However, direct use of this current density would lead to 



2 



indefinite results ||. For this reason, we start with an oscillating dipole satisfying current 
conservation, V^j^ = : 

f = (f,f, 0,0), (2) 



\/2q cos Et 



and 



r z sm &o 

= V2qZJ sm Et _ + _ _ 

r z sm Uq 



Here, G(x) = 1 if x > and 0(x) = if x < 0. At the end, we take the limit, L — > oo 
and — > 0, to obtain a structureless static point charge at (r, 9, 0) = (ro,^,^)- The 
normalization of the current has been chosen so that the time average of the squared charge, 
(/ dH^j^) 2 , equals q 2 . (A similar normalization was chosen for the scalar case.) 

In order to quantize the Maxwell field, we use the standard Lagrangian density with a 
covariant gauge-fixing term, 

£ = -V^g [\f, u f^ + i- (vm„) 2 

The corresponding equations of motion in the Feynman gauge (a = 1) are 

V„V% = 0. (3) 

We write positive-frequency solutions to Eq. ([$]) with respect to the Killing field d t in the 
form 

A (n,A,u,l,m) = ^nMm)^ ^ 0) e "<^ j Co" > 0, 

where we let n = — > for the modes incoming from the past event horizon and n = <— for 
those incoming from the past null infinity The / and m are the angular momentum quantum 
numbers. The label A is for the four polarizations. The pure gauge modes with A = G are 
the modes which can be written as A^> G > UJ ' l > m > = for some scalar field $(x) and satisfy 
Lorenz condition, V M A| ( n ' G ' aJ ''' m - ) = 0. The physical modes with A = I or II satisfy the 
Lorenz condition, and are not pure gauge. Finally the nonphysical modes with A = NP do 
not satisfy the Lorenz condition. The Maxwell field operator can be expanded in terms of 
annihilation and creation operators associated with these modes as 



A tl (x)= £ / doo 

n,X,Lm 



a {l) A^(x) + a\ i) A^(x 



where (i) represents (n, X,uj,l,m). We follow the Gupta-Bleuler procedure generalized to 
curved spacetime. Thus, we impose the condition V^A^ \phys) = 0, where A^ is the 
positive- frequency part of the operator A^, on the Hilbert space of the physical states. 

For the sake of brevity, we will just write down the physical modes. Their derivation will 
be presented elsewhere. The modes we call the physical modes I can be written as 

A (n,W,m) = u 3/2( B j."M,m) _ ^ B (n,l,u,,l,m) _ ^ -dfl), (4) 
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where 



(n,l,u>,l,m) 



Muj 



dz 



(z + 1) 



Y 



lm\ 



-iuit 



(7 4- 1 "l 2 
r>(n,l,u,l,m) _ ^___J_ n n { ~W 



and 



(,-1) 
2/ 



-iuit 



Here, z = r/M —1, the Yz m (0, 0) are the usual spherical harmonics and I > 1. The operator 
□ s is the Laplace-Beltrami operator for the scalar field. The q^i{ z ) are solutions of the 
differential equation 



d 

dz 



■\-z l 



dz 



+ 



1(1 + 1) 



z+1 



-MV 



>+iy 



The q^l(z) satisfy the boundary codition q^l(z) ~ e /z as z 



& = 0. (5) 
00. On the other hand, 



\-2iMuj 



as z — > 1. The Z = solutions here can be shown to 



the ClO) satisfy q^(z) ~ (z • 
be pure gauge. 

The other physical modes, which we call the physical modes II, can be written in the 
form 



where I > 1 and A 



(n,Il,uj,l,m) 



oc ( Z + l^MY^ie 



0. 



The Ya 



(lm). 



are 



the divergence-free vector spherical harmonics (see, e.g., Ref. ||). 

The normalization factors for the functions q™i(z) are determined from the canonical 
commutation relations of the fields by requiring suitable commutation relations for the 
annihilation and creation operators. It is convenient in this context to define the generalized 
Klein-Gordon inner product, 



(6) 



between any two modes Aff and where the integration is performed on some Cauchy 
surface E . Here, 



W"[A®,A®] = ^={A^*tx { ^ v - A^ir®^*), 



with ttW"" = d£/d[V„A„] 



=A 



(7) 

. It can be shown 



that the field equations ensure conservation of the current (|7|), and that the inner product 
(§) is independent of the choice of the Cauchy surface E as a consequence (see, e.g., Ref. 
0). Moreover, the inner product @ is gauge invariant for physical (and pure gauge) modes. 
As has been pointed out elsewhere ||, the canonical commutation relations among fields 
and their conjugate momenta lead to those of the annihilation and creation operators given 



schematically as 



a U' a h). 



and 



a (i)i a (j) 



(M- l ) {i){j)) where 



(A®, A®). The pure gauge and nonphysical modes can be chosen to be orthogonal to 
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the physical modes with respect to the inner product (j6[). Thus, by requiring the usual 
commutation relations for annihilation and creation operators, 



l (n,A,o;,«,m), a \n' ,\' ,w' ,V ,m') 



Snn'S\\'Sll'5 mm i8(uJ — to') 



with A, A' corresponding to the physical modes I and II, we are led to the following normal- 
ization condition: 



5 nn '5 xx '5 ll '5 mm '5(co - J) . 



(8) 



The classical electric charge interacts with the Maxwell field via the interaction La- 
grangian density 

Recall that the thermal bath of photons come entirely from the past event horizon in the 
Unruh vacuum. Therefore, we need to consider only the modes with n = — >. Note also 
that only the physical modes I are excited by the current (g), because A t = A r = for the 
physical modes II, once the nonphysical modes are appropriately chosen. 

The particle emission probability with fixed angular momentum for a static charge at 
(r ,9 ,(p ) immersed in the Hawking radiation with temperature = l/(8irM) is 



Vf™ = lim lim 



A i i I A em I 2 



1 + 



(9) 



where 



A em 
,/i (->,I,u>,J,m) 



(->,I,w,Z,m| i / d 4 x^j f(x)A ll (x) |0) 



is the (Boulware) vacuum emission amplitude of a photon, in the lowest order of perturbation 
theory. Note that in the static charge limit, L — > oo and E — > 0, the current will interact 
only with zero-energy modes. Hence, we need only the functions q^(z), which are the u — >• 
limit of the solutions q^(z) to Eq. (H). The normalization factor determined by (H) can be 
calculated by the procedure used in the scalar case 0. Thus, we find 



%i \. z ) 



2M 



Qi(z) 



1 dQ t (z) 



1(1 + 1) dz 



(10) 



where the Qi(z) are the Legendre functions of the second kind. (Gauge invariance of the inner 
product ([]) allows us to use B <Kn ' l,UJ,l,m ^ in place of A <yn,l,u},l,m ' > in determining the normalization 
factor.) By substituting ( flO|) in @ and using the differential equation satisfied by Qi(z), we 
find 



-Tjem 
' lm 

T 



q 2 (z -lf 



dQi(z ) 
dzr, 



1 2 



\Yi 



imyvo, (Po) 



2ttMI(1 + l)/ 1 / 2 ^) 

where T = 27r/ 1 / 2 (r )(5(0) is the total proper time and where zq = tq/M — 1. One can sum 
over the angular momentum quantum numbers I and m by using the formula 



^ 21 + 1 



dQi(z) 
dz 



2Q 1 {z) 
> 2 ~ I) 2 
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whose derivation will be given elsewhere. The resulting total emission rate is 

T 4vr 2 Vl U 

where a(ro) = Mtq 2 f~ 1 ^ 2 (ro) is the proper acceleration of the charge. Similarly, the particle 
absorption rate with fixed angular momentum is 



V&= hm lim / dw\A a ^ 



,2 1 



where |^4.&i )Wi ; )m )| = l"4(™,i,u,,/, m )l unitarity. As a result, the total response rate of the 
charge is 



T T 



,2o(ro) ftfS-i). (") 



By recalling that 



2tt 2 ^ \M 
Q x {z)- Z -\n Z ' 



2 2-1 

it is easy to see that the response rate (|TT|) diverges as the charge approaches the horizon 
and vanishes like r^ 4 as r — > oo. Near the horizon we find R v ~ [g 2 a(ro)/27r 2 ] ln[4Ma(ro)]. 
One can show using the result of Ref. || that, for a charge with constant acceleration 
a in Minkowski spacetime, the infrared divergence in the total response rate is given by 
(g 2 a/27r 2 ) ln(K _1 a) if one introduces an infrared cut-off k for the momentum transverse to 
the direction of acceleration. Comparison of these two formulas shows that the finite size of 
the black hole acts as an infrared cut-off. 

We have derived the response rate of a static electric charge outside a Schwarzschild black 
hole interacting with Hawking radiation in the Unruh vacuum. It differs from the result 
obtained for a scalar source, Eq. (HD, by a factor of 2Qi(r /M — 1). In the scalar case, it was 
found that the response rates of static point sources in Schwarzschild spacetime (with the 
Unruh vacuum) and in Rindler spacetime (with the Minkowski vacuum) are equal provided 
that these point sources have the same proper acceleration. Obviously this equality does not 
hold in the vector case since the response rate of a static charge in Rindler spacetime with 
the Minkowski vacuum, which is nothing but a uniformly accelerated charge in Minkowski 
spacetime, is infrared divergent as we have seen. 

To check our procedure of defining the modes in spherical polar coordinates and normal- 
izing them through Eq. (|6]), we have used it to calculate the response rate of the dipole (0) 
immersed in a background thermal bath in Minkowski spacetime. We numerically verified 
that it reproduces the standard result ||. This would also be an interesting test for the 
procedure used in the quantization of the Maxwell field in Schwarzschild spacetime with the 
gauge A = recently discussed in Ref. [|10j. 

Finally, we note that our results are in agreement with the widely accepted conclusion 
in classical electrodynamics that static charges in gravitational fields do not radiate |TT|-|r3||. 
This is so because the zero-frequency modes which couple to the static charge considered 
here do not carry energy and, consequently, cannot be identified with classical radiation. 
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